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1 Introduction 



String theory has provided a surprising connection between gauge theories 
and supergravity. After taking certain decouphng hmits one can learn a great 
deal about the large N limit of super- Yang-Mills by studying its dual super- 
gravity description ^ ||. This approach of using the supergravity dual to 
obtain a description of the large N limit of the theory has also been applied 
in many other circumstances. In particular, it has been applied to the study 
of noncommutative Yang-Mills theories ^] as well as field theories with 
fewer supersymmetries and RG-flows p, 0, ||, ||. 

A remarkable recent development has been the investigation of the S-dual 
description of A/" = 4 noncommutative super- Yang-Mills (a D3 brane with 
background Neveu-Schwarz two-form potential) which is provided by a non- 
commutative open string (NCOS) theory [|10|, |Tl]] on the three brane. In fact, 
one can construct an NCOS theory on any D]9-brane for p < 5. It is possible 
to view these NCOS theories as ultraviolet completions of the Yang-Mills 
theories with near critical background electric fields (though for p = 5 there 
is strong evidence that the theory actually contains also a (closed) little string 
sector [[12| , pT^ , Q). Taking the strong coupling limit of the noncommutative 
open string theory on the D4 brane leads to the so called OM theory which in 
some sense acts as the M-theory for the open string theory ||T^ , |15|, This 
is a five-brane in a background with constant critical three-form potential. 
The supergravity duals of these open string and membrane 

2^. One may then use these 



see also 17, 18 



theories are known 19 



^ ^, |25|, |2f 

dual supergravity solutions to determine many non-trivial properties of the 

In particular, the thermodynamics 



NCOS and OM theories 22, 24, 26, 27 



has been investigated with non-extremal versions of these solutions P^ . 
In Section 2 we first review the decoupling limits that lead to noncommutative 
theories on a D-brane and discuss the ultraviolet limit of the near-horizon 
region of various supergravity backgrounds. 

In Section 3 we then use the supergravity dual picture to address the issue of 
whether the noncommutativity parameter 6 can be tuned independently, or 
if a shift in B induces a variation of the other moduli. To examine this, we first 
give a simple form of Dp-brane bound states involving fluxes parametrized 
by an 0{p + l,p + 1) group element, as discussed in [^. We then go to the 
near-horizon limit and show how the decoupling limits can be obtained as 
UV limits of the supergravity backgrounds. Using these general bound states 
we find that there is no deformation of the open string metric and coupling 



1 



constant, and that the probe brane potential is deformed by a multiphcative 
factor hence preserving the zero-force condition. Actually, the latter result 
will be crucial for the discussion of S-duality in Section 5. 
We then exemplify these results in Section 4 using some simple models, 
namely the maximally symmetric extremal Dp-branes, the T^^'^^ extremal 
D3-brane and the Dl-D5-brane system. 

In Section 5 we extend the deformation procedure to cases where one starts 
from the near- horizon solution (instead of the full brane solution). For D3 
branes, we give a set of sufficient criteria for when the critical electric solu- 
tion can be obtained from the magnetically deformed near-horizon solution 
by type IIB S-duality (since the former cannot be directly obtained by an elec- 
tric 0{p + l,p + 1) transformation). In particular, one condition is that the 
configuration is restricted to the subspace where the probe brane potential 
vanishes. This is trivially satisfied for maximally supersymmetric Dp-branes. 
The construction in Section 5 is useful since it does not require the full 
brane solution, and in Section 6 we use this setup to construct an A/" = 1 
noncommutative Yang-Mills theory and its S-dual string theory based on 
the Pilch- Warner solution 0. This theory has a non-trivial probe brane 
potential, and therefore illustrates the crucial importance for S-duality played 
by the condition of vanishing potential. 

2 Open strings and supergravity duals 

The data governing the effective open string perturbation theory on a Dp- 
brane in a closed string background with string frame metric Qmn = g^iu®gij, 
dilaton e*^ and two- form potential Bmn is given by the open string two-point 
functions ||3D[0 together with the effective open string coupling. In this paper 
we use ten-dimensional spacetime indices M = 0, . . . , 9, {p + l)-dimensional 
world volume indices fi = 0, . . . ,p and (9 — p)-dimensional transverse space 
indices i = p + 1, . . . ,9. The two-point function is 



^Our definition of tlic noncommutativity parameter Q differs from tire one in ref. [pO[ by 
a factor 27r. The present normalization yields exact equality between O and the deformation 
parameter 6 in Section ^. 



< X^(0)X'^(r) > 



aV'' logr + me'^^e(r) 




(1) 



2 



where 



and the effective open string couphng is 



Go = . (3) 

V det^ 

Here {T) is the background value of the gauge invariant field strength on the 
Dp-brane: 

that is 

= ^^rB),. . (5) 

The symmetric part of G^'^ , is interpreted as the open string cometric, 
its inverse being the open string metric. The antisymmetric part is the 
noncommutativity parameter. Thus the open string endpoints see an effective 
D-brane world volume with metric 

ds^{G) = G^^dx^'dx" , (6) 

and deformed algebra of functions with star-product based on the Poisson 
structure 

e = Q^^d.d', . (7) 

We note the following useful identities: 

G,u = - {rB),,gP"{rB),, , (8) 

/ 1 ■ ^\ 1/4 

^""^""yi^) ' = -<^'9"'{rB),.G'"' . (9) 

We are interested in examining a Dp-brane probe in a background with large 
Dp-brane charge. For large charge the background fields are slowly varying 
functions of the distance between the probe brane and the stack of source 
branes. The size of open string fluctuations around the probe are governed 
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by the effective open string coupling Gq []TD[ (while the size of closed string 
fluctuations in the bulk are governed by the closed string coupling e*^). In 
a region where Go << 1 we have a one-parameter family of open string 
quantum theories on the probe brane defined by the open string data given 
above and two energy scales: the mass of the higgsed W bosons, above which 
the interactions between the probe and the stack of source branes no longer 
is negligible, and the effective Planck energy, which sets the cutoff for the 
closed string sector. 

A fruitful feature of this setup is the possibility under certain conditions 
to consider a near-horizon region of the background, which defines a super- 
gravity dual^ where the one-parameter family extends all the way to the 
extreme UV. This amounts to taking the separation (given in rescaled units 
in the near-horizon region) between the probe brane and the source branes 
to infinity as to decouple both W bosons and closed strings while keeping 
a finite (and small) open string coupling. One important condition for the 
UV-completion to be physically well-defined is that it should have a stable 
ground state, i.e., the zero-force condition should extend into the UV. For 
finite separation it describes the flow from the UV-completion down to the 
gauge theory in the extreme IR. 

There are several important reasons why we prefer this holographic setup 
in favour of simply scaling 'flat space' closed string moduli. Firstly, it is not 
always the case that the total system becomes weakly coupled so that it 
makes sense to describe the limits in a flat background. The advantage of 
the holographic setup is then of course that the non-perturbative aspects are 
automatically included in the description of the limit. In particular, the rela- 
tions between the critical scalings of the various field strengths and tensions 
appear naturally in the bound state solutions. Moreover, a bound state solu- 
tion typically contains both magnetic and dual electric fluxes that couple to 
dual open branes. For instance, as we shall see in Section 3, a magnetic NS 
flux typically comes with a 'crossed' electric RR flux and vice versa. Hence, 
instead of considering different source branes with electric or magnetic fluxes, 
one may for any one given source brane obtain dual descriptions of the theory 
on the probe brane simply by switching from one open string {e.g. from an Fl 

^To avoid confusion, we wish to clarify that we shall distinguish between the full brane 
solution and the near-horizon region and we shall always refer to the latter as the super- 
gravity dual, even though this term could of course also be used for the full brane solution. 
Note also that the near-horizon limit in the NCOS case is defined in a slightly different 
manner from the standard one; this fact is discussed in more detail in Section 3.2. 
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to a Dl) or brane description to another. A third, perhaps less profound but 
nevertheless practical reason is that due to the 'back-reaction' in the bound 
state solution from switching on the noncommutative deformation parame- 
ter, the various issues raised recently of whether and how the deformation 
acts on the other moduli in the theory can be answered in a both precise and 
concrete fashion. 

Of the various dual open branes^ referred to above, the two cases which are 
presently best understood are when the decoupled (and sometimes complete) 
UV-limits turn out to be a noncommutative gauge field theory (NCYM) or 
an open string theory (NCOS). A NCYM arises when the open string metric 
(H) diverges in units of a', while the NCOS arises in case this quantity is fixed. 
The basic reason is that the rest-mass of an open string state with oscillator 



number > 1 is proportional to y IGooKA^ — l)/a'. Actually, the two pos- 
sibilities are sensitive to the signature of the noncommutativity parameter: 
NCYM requires magnetic and NCOS electric . This relates to the 
fact that the asymptotic geometry of the background is that of an array of 
smeared Fl-strings for NCOS and smeared D(p — r)-branes for NCYM with 
r the rank of the tensor field generating the deformation. 
Let us consider the case of a rank 2 background two-form potential 3^,^ and 
let the limit, in which the separation between the probe and the sources 
diverges, be controlled by some parameter e — 0. Suppose the closed string 
data in the brane directions obey the following asymptotic scaling behaviour 



in the near- horizon region []30| , |32[| (for NCYM = 0,...,j9 — 2 and 
a,b = p — l,p; for NCOS a, /? = 0, 1 and a,b = 2, . . . ,p; X > 0): 




NCYM 









Bab 
17 



.0 



(10) 



NCOS : ^ ~ Vap^-\l + f/e^ + ■ ■ ■) , 

a 



^These include besides the open strings and OM cases also the ODp cases in jl^, 14 
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^ - 5a,e' , ^ = , (11) 
a' a' 



We remark that the physics depends on a' only via the tension g^v/ot' and 
B^v/oi''-, thus the above hmits can be considered either as a' — hmits in a 
fixed, fiat background or as UV-hmits in a supergravity dual i.e., r — oo, 
where the tension does not scale with a', its scaling instead being determined 
by the energy scale set by the distance between the probe and the source 
branes. 

Both ( |lO|) and (|l^) yield infinite energies for massive closed string states, 



whose rest-mass scales as \J\goo\/a' ., while the energies of massive open string 
states diverges for ( PDj ) and remains finite for (|TT]), as explained above. A more 
careful analysis |Q based on calculations of absorption cross-sections shows, 
however, that the massless closed string sector only decouples for p < 5. 
In the case of p = 5, i.e., the type IIB D5-brane, there is also compelling 
evidence that the theory also contains a (closed) little string sector . 
Next we are going to describe a construction of Dp-brane bound states with 
maximal rank deformations, and we shall then discuss the rank 2 case using 
the above limits. 



3 Electric and magnetic deformations of open 
string data 

We begin by describing how one may in a very efficient way construct the 
relevant deformed background given an undeformed brane solution. We then 
explain how the near-horizon limit of the deformed solution is obtained. This 
is followed by the probing of the new background solution via a D-brane 
probe. Finally, we analyse the open string data given in the previous section 
on the probe D-brane in this background. 



3.1 Dj9-brane bound states from 0(]3+l,]3+l) transfor- 
mations 

Many examples of Dp-brane bound states have been constructed in the lit- 
erature, see e.g. [|19|, [2^, ?]. The basic construction method is to combine 



6 



a series of diagonal T-dualities constant NS gauge transformations!] 

and SO{p, 1) transformations, which together make up the T-duahty group 
0{p + l,p + 1). Recently, it was found that under a general transformation, 
the RR potentials actually transform in a chiral Spin{p + l,p + 1) repre- 
sentation and in this was used to give a corresponding general 
parametrization of Dp-brane bound states as follows. Given a supergravity 
solution, one first T-dualizes in the directions where one wants to turn on 
NS fluxes, and then one shifts B2 with a constant in these directions. After 
this one T-dualizes back again. In a more concise language, the deformation 
with parameter 9^'' /a' is generated by the following 0{p + l,p+ 1) T-duality 
group element 



A = Ao . . . ApAe/„'Ap • ■ ■ Ao = JA^/^' J = KU/a' = ^ q/^, ^ j ■ (12) 

Here O'^" has dimension (length)^ and carries indices upstairs since it starts 
life on the T-dual world volume. In the NS-NS sector an element (^d) 
transforms E = g + B hj means of a projective transformation, i.e., E = 
{aE + b){cE + d)~^. In the RR sector the anti-symmetric tensor fields can 
be shown to correspond to chiral spinors of the T-duality group. This follows 
from mapping the inner product and one-form dx'^ onto the annihilation 
and creation operators that can be formed by taking linear combinations 
of the relevant Dirac matrices. The result of this construction on the anti- 
symmetric tensor fields is given below. We shall assume that the undeformed 
brane configuration (in the string frame) is given by : 



ds"^ = gfiudx'^dx" + gijdx^dx^ , 82 = ^2, 
C = curfx° A ■■■dxP A (1 + a) +7 (13) 

where C, and in particular 7, is a generalized sum of forms of different degree, 
and (32, 7 and a are transverse forms, i.e., 

''There is an alternative method using a boost/rotation between a compact and a non- 
compact direction instead of a gauge transformation. This method gives equivalent results 
to the method used in this paper and will not be discussed any further. 

®See |3^, ^ for conventions and definitions of the various elements of 0{p + l,p + 1) 
appearing in the following discussion. 
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(14) 



Here denotes inner product with the vector field associated with x'^. The 
deformed configuration is determined as follows P7[: 



fj-i^ ' I det g I 



Qfii B^i , cjij gij , Bij 



(15) 
(16) 



C = u exp(-62)exp — ^^%2^)rfx"A---c/xP 
+ exp(-62) A 7 . 



A(l + a) (17) 



where 62 is the deformed two-form in the brane directions. In these directions 
we have 



i\2 



g [I -{eg I a') 



ho = — 



2a' 



1 - {9g/a 



l\2 



dx^' A dx" 



;i8) 



(19) 



In a frame where the metric and {9g)^y are block-diagonal we find that in 
the fc'th 2x2 block 



(20) 

and that the dilaton is given by 



,20 



e 



2<j} 



, . (21) 

We assume that the matrix 5^ — {a')~'^[{dgYYv is invertible (for all gp,v)., 
such that the configuration in (|l^, pj| ) is non-singular. In the special case of 
a rank 2 deformation we get 



d~s^='^ + dsl, B, = -^-^^e,,dx"^Adx'^ + f32, (22) 
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h = l + 



a' 



det 'g 



(23) 



C 



UJ 



+ 



Idx^ A---dxP + —ef'^'i'i'dx" A---AdxP 
h 2a' ^ ^ 



A (1 + a) 



1 + ^ e^udx'f" A dx'" 



2a'h 



A 7 



(24) 



where x''^ denote the two directions where the deformation is non-trivial and 
det ' is the 2x2 determinant in this space. 

It is worth mentioning that formally, the 0{p+l,p+l) transformations of the 
solutions require the brane solution to be wrapped on a (p + l)-dimensional 
torus, which may be decompactified after the transformation. However, keep- 
ing compact directions, the Dp-brane bound states give rise to supergravity 



duals of the wrapped noncommutative open string theories of ||39[| . 



3.2 Near-horizon regions for deformed extremal branes 



For an extremal brane solution the metric in the brane directions can be 
written as 

9,^u = S'^V/^u , (25) 

where £^ is a function of the transverse coordinates that interpolates between 
the near-horizon region of the brane and an asymptotical region such that 

< ^ < 1 , (26) 

In the case of a rank 2 magnetic deformation, that is det'g > 0, the near- 
horizon region is defined in the same way as the one of the undeformed 
configuration, i.e., the supergravity dual of the (commutative) field theory 
on the brane. Thus, as we take a' — we keep fixed the following quantities: 

' a' ' a' ' 

Magnetic near-horizon: _ > fixed . (27) 



p-3 

^, 9ym = 9{a') 



2 



Here it is important to note that the canonical dimensions of the fields are 
chosen such that if ds^/a'^ -82/0^' and Cp/{a'Y^'^ are held fixed in the a' — *■ 
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limit, then the supergravity lagrangian is finite. In the absence of other 
dimensionful parameters, in the a' — hmit it is U as a function of the 
vacuum expectation values of the scalar fields that sets the energy scale on 
the probe brane (it is assumed that are coordinates of dimension length). 
In the UV limit, U oo, one recognizes the NCYM limit (|l^) with the 
undeformed dilaton scaling as 

~ gYuU"-' , (28) 

where Qym is the Yang-Mills coupling in p + 1 dimensions. 
Note that the requirement that the scale is determined by U implies that 
the pull-backs of the transverse background components scales to zero in the 
UV. For example, the scalar kinetic term will scale as 

f*{g,jdx'dx^) ~ a'U-^dx''dx''d^¥d^^^gij , (29) 

where / denotes the embedding of the probe brane in spacetime. Here Qij 
is a dimensionless function of transverse coordinates which does not scale in 
the UV and the scalar gradients 9^$* are fixed in the UV. 
We remark that in many cases the field theory near-horizon geometry is 
warped |^, such that the near-horizon geometry factorizes into that of a 
{p + 2) -dimensional anti-de Sitter space and an (8 — p) -dimensional internal 
space in such a way that the energy scale U defined in (^^ and the energy 
scale u of the near horizon anti-de Sitter part of the spacetime metric are 
related as follows: 

du'^ 

ds^ = n'^ds^asp^^ + dsl_p , c?sL5p+2 = + ^ ' (^0) 

= , (31) 

where the warp factor O is a dimensionless (non-constant) function of the in- 
ternal coordinates in the line element dsl_p. This is equivalent to the internal 
metric defined in ( pOj) being block-diagonal as follows: 

dsl-p = n\du^ + u^dsl_p) . (32) 

As we shall see in the next subsection, this gives rise to a probe brane po- 
tential V . Excitations that break the zero-force condition have a potential 
energy that scales like V ~ Qym^'^ ^ cxd in the UV, so they will be frozen 
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out in taking the UV limit. In what follows it will be useful to define the map 
i as follows 



i : V-\0) ^ M^" , (33) 

it is the embedding of the submanifold where the potential energy of a probe 
D-brane vanishes in the ten-dimensional spacetime M^°. This submanifold is 
called the vanishing locus. 

In the case of an electric deformation we have det 'g < 0, so the 'field theory' 
near-horizon limit (^) would yield a supergravity dual with a singularity at 
a finite energy scale (where h would vanish). To avoid this, the electric near- 
horizon region is instead defined by the following critical limitPl as a' — *• 0: 



6 

Electric near-horizon: —j=, S, g, u fixed ; > 1 . (34) 



/a' OL' 

Provided that there are no other dimensionful parameters than Q and a', 
then, since all coordinates are kept fixed in units of a', the electric near- 
horizon region contains the original asymptotic region. The UV limit now 
corresponds to /i = 1 — 6^"^ — >• 0, which can be seen to reproduce the NCOS 
limit (0) (using (0)). We remark that the spacetime metric approaches that 
of a smeared string in the UV; taking the electric deformation in the and 
1 directions we have 



NCOS : — ~ h-^{-dxl + dx\) + dx\ + ... + dxj + gijdx'dx^ , (35) 

where gij is defined in (|^). It follows that all closed string states except 
the massless states with momentum along the string are frozen out from 
the perturbative spectrum in the sense that their energy diverges. Similarly, 
from (|29|) it follows that for the NCYM limit the asymptotic metric on the 
vanishing locus approaches that of a smeared D(p — 2)-brane: 



NCYM : — ~ u2(dx2+...+rfxJ_2)+u-^(cix5_i+cix5+i*rf<l>5+i+...+i*rf$2) . 

(36) 

is here the closed string coupUng constant. 
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and the perturbative closed string spectrum reduces in the UV to the mass- 
less modes with momentum parallel to the smeared brane. Hence, at the 
perturbative level the dynamics of the Dp-brane is decoupled from the bulk. 
The deformed open string data in the near-horizon region is found by insert- 
ing the deformed closed string configuration (|l^) into (|]) and @. For the 



open string metric and noncommutativity parameter we find 

G^.u = , e'^'^ = 9'^'' . (37) 

Hence the open string metric is undeformed. Using (^ we then find that also 
the open string coupling is undeformed: 

Actually, starting from a more general brane configuration in which there are 
already NS fluxes inside the world volume one still finds that 

G^u = G^. , e^'^ = + 0^" , Go = Go. (39) 

We also see that the noncommutativity parameter must remain constant 
along the RG-fiowQ. One might expect the noncommutativity to vanish in 
the IR because the Neveu-Schwarz two-form vanishes. This is however not 
the case due to the compensating scaling of the metric. A further under- 
standing of this would be desirable, even though it seems that the effects 
of the constant noncommutativity parameter vanishes in the IR, since fields 
become slowly varying in this limit. 

We remark that for an NCOS theory, it follows from (133) that in the UV the 
open string tension and noncommutativity scale as 



; , O ~ a e°'^dcdfj , 



(40) 



such that indeed the inverse of the effective open string tension is equal 
to the noncommutativity parameter (after going to fixed coordinates, the 
coordinates in (|40|) obey (^4|)). 



^"^This was observed using the explicit supergravity solution in [E7|, and deduced from 
a non-renormalization argument using supersymmetry already in Eq]. 
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3.3 Non- deformation of zero-force condition 



It was shown in ||29| that the zero-force condition for the probe brane in 
the supergravity dual is not deformed by a noncommutative deformation. 
To examine this, one uses the UV expansion of the Born-Infeld lagrangian, 
which is discussed in Appendix ^ (see (|106|) ), and that the contribution to 
the potential from the WZ term is given by 



(Q^U \ /I \ 

-^i^iu j exp f -F^j^fix^ A dx^j 

= cjy^det(l + 9F)dx° A ■ ■ ■ A dx^ , (41) 



where the bound state solution ( P^ and ( P^ ) have been used. Note that the 
determinant is a square of Pfaffians, so that the last expression is indeed a 
finite polynomial in traces of 6F. The deformed potential is therefore given 
by 



V^= ^det(l + ^F) , (42) 

where 

V = [a')-'-^ (e-^-det^?^, - u) (43) 

is the undeformed potential, which shows that the zero-force condition is not 
deformed by turning on a noncommutativity parameter. 



4 Three examples 

In this section we give three examples where the warp factor Q in (|3T|) is 
constant, and the probe brane potential is identically zero. A case with non- 
trivial warp factor will be examined in Section 6. 



4.1 Stack of maximally symmetric extremal Dj3-branes 

As the canonical example we consider a stack of maximally symmetric ex- 
tremal Dp-branes (p < 6): 
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e^* = g^H'-f, H=l + i^^<^, (44) 
C = -^dx^ A--- AdxP + {7 -p)N{a'y-^e7_p , 

where de^-p is the volume element on the transverse (8 — p)-sphere. After a 
rank 2 deformation, using the T-duality transformation described above, the 
magnetically deformed configuration is 



ds"^ ^ H"^ i^-dxl + . . . + dxl_2 + j^{dxl_-^ + dx^^j + H^{dr^ + r^dQ^) , 

B = dxP-^ A dxP , (45) 

ah 

C = -^dx° A---AdxP + {7-p)N{a'y-^{l-B)Ae7_p 
gtih 

A ... A dxP-^ , 

gHa' 



where h=l + i J , 

and the electrically deformed one is 

ds^ = R-^ (jy<^A + ^^^^i) + dx^ + . . . + dx^^ + //5 [dr^ + r^dn^) , 

flOl rr-l 

S = ^4=— A dx^ , (46) 

C = ^-da;° A---AcixP + (7-p)A^(Q;')^(l-^) Ae7_p 
^01 

-dx^ A ... Adx^ , 



gHa' 
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where h = 1 - 

We define the magnetic and electric supergravity duals by the resulting near- 
horizon limits, taking a' —>■ 0, 



Magnetic near-horizon : x^, — , 6, (yfyM = fl'fQ^')^^ fixed. (47) 

a' 

CC^ T 

Electric near-horizon : ~rii ~~ri^ ^ fixed ; — — > 1 . (48) 



a' 

These limits are easily seen to arise from the brane solutions by first in- 
troducing the relevant rescaled radial coordinate in the two, i.e., electric 
and magnetic, cases. The other definitions in ( ^Tf ) and (^8]) then follow by 



demanding that the quotients of the background fields and powers of a' de- 
fined in Section 3.1 should be independent of a'. The near-horizon geometry 
thus obtained interpolates between conformal AdS^^^ x S^~^ and an array 
of smeared D(]9 — 2)-branes for NCYM and Fl-strings for NCOS. We verify 



(10) and (P) as follows: 



NCYM : e = , A = ^ . (49) 

NCOS : e = /i,A = l,f/ = -^,\/ = -l. (50) 

Note that for NCYM it follows from (|^) that (a'^H is fixed, i.e., indepen- 
dent of a', in the near-horizon region, where it vanishes in the UV, so that 
strictly speaking we should take e = {a'^H/C.'^ in (^) for some fixed length 
scale £. We also remark that (^) is indeed obeyed with the definition of the 
Yang-Mills coupling made in (^Tf). Using (|) and (H) we compute the open 
string data in the complete brane configuration as follows: 

G^. = H--2r^^, , Go = gH"^ , 6^^ = 6^^'^ , (51) 



where 9^^ is magnetic or electric as the case may be. From (|47| ) and 
it follows that in the near horizon region the following open string data are 
fixed: 

Go = 9i?^, e = 9-aA. (52) 
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For NCOS, it follows from (^) that the above quantities are indeed finite in 
the UV limit (pOl). By going to fixed coordinates, which requires the intro- 
duction of some arbitrary length scale -y/o^, it follows that the inverse of the 
open string tension and the spatio-temporal noncommutativity parameter 
are indeed equal and given by in the UV. 

For NCYM, it follows from (^7]) that in the UV limit (|^) the noncommuta- 
tivity is finite, while the open string tension ds^{G)/a' diverges. However, 
defining a fixed metric ds'^{G) and length scale ^ by 

NCYM : ^^M^e-^^^£!M ; ds\G) ,i fixed, (53) 
a' 

yields a finite kinetic term in the Born-Infeld lagrangian of the probe D- 
brane: 



^DBi = -T^ / d'^-^x^- det GG'^^G^'^F^pF,, + ■ ■ ■ , (54) 



4^YM 

9\m = e'-^F-'Go, (55) 



where the fixed Yang-Mills coupling qym can be seen to agree with the def- 
inition {^7\). The ellipses in (0) represent more terms that are finite in the 
UV, while the leading divergent terms cancel against the WZ-term due to 



the zero-force condition, as explained in Section ^]2| and |3]^. From the dis- 
cussion in Appendix 0, it follows that the complete probe brane lagrangian, 
including the WZ-term, can be written as the noncommutative lagrangian 



( |103|) in the extreme UV region, where we can take 



Gf^u = Tj^^ , Qij = 6ij . (56) 

As discussed in Section |^, it has important consequences for the interpreta- 
tion of the resulting NCYM, that the open string coupling diverges in the 
UV for p > 3 and vanishes for p = 2, as follows from (0). For p = 3, the 
NCYM is a UV complete theory since the open string coupling is fixed in 
the UV. For p = 4, the noncommutative lagrangian (|103D should be thought 
of as an effective field theory description valid at energies below gym- The 
bound state has a critical electric RR three-form. The UV completion is 
therefore an open D2-brane theory in five dimensions. By lifting this theory 
to M-theory along a magnetic circle of radius gyu ^lae finds that it is dual to 



the noncommutative M-theory five-brane |T2, 15 1. The five brane KK modes 
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appears in the D4-brane NCYM theory as noncommutative instantons with 
energy ^fy^- For p = 5 the bound state has a critical electric RR four-form, 
and the UV completion involves an open D3-brane. 



4.2 The r(i^) solution 

We next consider an extremal D3-brane with less supersymmetry. The T*^^'^^ 
Af=l brane solution is pi||: 



2<f> _ 2 



e'f = g\ H=l + ^^^^^^ . (57) 



Here dVtr is the line element of T^^'^\ which implies that the near- horizon 
region is AdS^ x T^^'^\ This near-horizon region is the AdS/CFT dual of 
an A/'=l super-conformal field theory Comparing this metric with 



we see that they are identical except for the five-sphere which is changed 
to T^^'^^l^. If we now deform this brane solution electrically (magnetically) 
and then take the NCOS (NCYM) limit, we will obtain the same open string 
metric, coupling constant and 9 as in the previous subsection. Because we 
start with a solution which gives identically vanishing potential for a probe 
brane, we therefore know that the A/'=l NCOS and NCYM theories have to 
be S-dual Q 

We see here that starting with a D3-brane which has a near-horizon geom- 
etry which is a Freund-Rubin compactification of type IIB supergravity is 
relatively easy to deform and investigate, because of its similarity with the 
maximally supersymmetric D3-brane. 



4.3 Electric deformation of Dl— D5 system 

The D1-D5 system (with lorentzian signature) is not possible to deform 
magnetically in order to obtain a 1+1 dimensional NCYM theory. This is 
obvious since turning on a B-field in the D-string directions gives an electric 

^^They also have the same C0123 component but not the same components of C4 in the 
transverse directions. 

^^See Section 5 for a discussion about exact S-duahty. 
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deformation. To obtain a NCYM theory one has to start with a D1-D5 brane 
configuration with euchdean signature. This was done in 0. 
To give the electrically deformed D1-D5 solution we start with the unde- 
formed D1-D5 solution: 



C2 



g — , i/i,5 

-"5 
1 



2^ 



1 + 



1 



dx° A dx^ + 2a'Rle2 , 
■dx^ A dx^ + 2a'Rle2 



A dy^ A dy"^ A dy^ A dy'^ 



(58) 



where (if23 and de2 are the metric and the volume element on the transverse 
. Taking 9^^ to be non-zero in the 0, 1-directions in (|2|)-(|2|) yields the 
following electrically deformed solution: 



dS'' = {H,H,)-'/'^dx^ + Hl^'H^'/'dy' + {HrH,Y/\dr' + r^dQl), 



=20 _ ^2 



9 

Co = -^V' (^9) 
a'gHi 

C2 = -^—dx^ A dx^ + 2a'R\e2 , 
gHih 

Ci = ( ^—dy^ A dy^ A dy^ A dy"^ + ^^^^dx° A dx^ A 62] , 

a' \gH5 HiH^h J 

= I —^dx^ A dx^ + 2a'Rh2 ] A dy^ A dy^ A dy^ A dy^ , 
\gH5h J 

Q 

Cs = T—r—dx^ A dx^ A dyi A dy2 A dy^ A dy^ A €2 ■ 

a'gHiH^h 

The near-horizon region of this solution is obtained by keeping the following 
quantities fixed as a' — » 0: 



18 



and take the critical scaling limit 



e_ 

'a' 

such that 



(61) 



h=l- iH,H,y' . (62) 
The metric ( ^9|) interpolates between AdS^ x x T'^ in the IR (f ~ 0) and 



an array of Fl-strings in the UV (f ~ oo), which are stretched in the 
direction and wrapped on T^. In the UV limit f oo we recognize (0) by 
setting e = h and A = 1. From this solution we calculate the open string data 
in (D and (|): 

= (H,H,)-'^\,dx>^dx'' , (63) 




Go = g\hr^ ^ = ^'"9,8,. (64) 



The open string metric and coupling indeed approaches constant values when 
f oo, as expected for a NCOS theory, and the noncommutativity parame- 
ter remains fixed along the flow to the IR. We also note that by introducing a 
fundamental (fixed) constant with unit length, and using this to define fixed 
canonical coordinates it follows from ( |63D and (|6^), that the Regge slope and 
noncommutativity parameter of the NCOS are equal. 



5 Deformation of near-horizon geometries 

In many situations one only has access to the brane solutions in the (unde- 
formed) near-horizon region, such as for example the various AdS^ vacua of 
type IIB supergravity. Since these types of solutions are dual to field theories, 
and since field theories do not admit spatio-temporal noncommutativity de- 
formations [^1, the deformation procedure described above is only directly 
applicable in the magnetic case, whereas an electric deformation will lead 
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to a singularity at a finite scale. This may be understood from the form of 
the line element in the brane directions (pSf ), that is unbounded from above 
in the near-horizon region, i.e., < S < oo. Hence, for any electric defor- 
mation with finite parameter 6 /a' — no matter how small — there will be a 
critical scale -Ecrit = o:'/0 where the deformed configuration has an essential 
singularity (note that in fixed units the critical scale is Ucrit = 
Interestingly, an electric deformation of the AdS^ x 5*^ with parameter 6 /a' 
is S-dual to the near-horizon limit of a magnetically deformed D3-brane met- 
ric with harmonic function with negative integration constant — . The 
metrics yield (|iy) and (|ll|), but are pathological in other ways: the asymp- 
totic electric geometry is singular instead of the smeared string (^) and the 
magnetic probe brane has infinite negative vacuum energy in the UV so it is 
unstable. 

In the case of D3-branes, we now wish to find some criteria for when the 
strong coupling limit of a noncommutative field theory on the brane has a 
weak coupling dual which is a noncommutative open string theory with an 
electric supergravity dual that is related by type IIB S-duality to the mag- 
netic supergravity dual. This is true in the maximally supersymmetric case 



(provided the axion is rational |43|). As we shall show next, under certain 
conditions the same is true also for extremal D3 branes with less symmetry. 
In order to examine this in detail, we start from the general D3-brane con- 
figuration in ([131) and assume (^61) . We make one further main assumption, 
namely that the axion is vanishing (which actually could be relaxed to a 
rational axion 



Co = . (65) 

We then find (see Appendix ^ for details) that the magnetic deformation of 
the brane and the electric deformation of its S-dual, are S-dual (modulo a 
diffeomorphism) provided that the undeformed dilaton is constant and the 
zero-force condition is obeyed: 



e"^ = g = constant , V = g y — det g^y — = . (66) 

We also learn that the magnetic deformation parameter 9 and the electric 
parameter 9 are related as follows: 



20 



We also find certain conditions on the metric and the transverse potentials in 
the undeformed configuration (see Eqs. ( |113D , ( |121| ) and ( |125| ) in Appendix 
P), and that the coordinates x'^ in the electric supergravity dual and in 
the magnetic dual must be related as follows: 



cos ux'^ 



f = , . (68) 

a/cos Z/ 

All this implies that the magnetic near-horizon limit (|27| ) is mapped under 
S-duality to the electric near- horizon limit (|3^) . We remark that (0) only 
requires 6 /a' 1, whereas the precise critical scaling in ( p7D is required by 
S-duality. Hence for a D3 brane configuration obeying (^), (|113|) , ( |121| ) and 



the magnetic and electric near horizon geometries are S-dual, and by 
exploiting this fact in the extreme UV limit it follows that the corresponding 
NCYM and NCOS theories must therefore be S-dual. We can summarize the 
above results in the following commutative diagram: 

AdS, X 



iim 



A. 



i*D3 



i*s{m) 



cinir 



^*Ae(5(D3)) 



NCYM 
supergravity 
dual 



NCOS 
supergravity 
dual 



Here Am and Ae denote the magnetic and electric deformations, and iinim 
and iinie the magnetic and electric near horizon limits (|27|) and (^^, respec- 
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tively. The field theory near-horizon limit iim is identical to the magnetic 
near-horizon limit only for ^ = 0. The operation i*, where i is defined by (p3D, 
indicates that we are only considering the brane configuration at the vanish- 
ing locus of the brane potential in (|66D. Importantly, from the discussion in 
Section |3.3| (see eq. (^)) it follows that i* commutes with the deformations 
Am and Ae, so that this restriction is indeed well-defined, in the sense that 
the NCYM and NCOS supergravity duals have well-defined UV limits. 
As already mentioned, the simplest non-trivial example of the above S-duality 
is the maximally symmetric extremal D3-brane. We shall next turn to a non- 
trivial example involving extremal branes with less symmetry and a non- 
trivial probe brane potential. 



6 Open strings in a A/^ = 1 background 

In this section we examine noncommutative deformations of the Pilch- Warner 
(PW) solution 1^. The PW solution has conformal A/" = 1 supersymmetry 
and is a warped solution with a four- dimensional vanishing locus in the in- 
ternal space. 



6.1 The PW solution 

We use the conventions of |^5|, except that we use (- 
undeformed supergravity dual of the Af = 1 SCFT 
given by: 



- ■ — h) signature. The 
in the string frame is 



C4 



,2 



u 



riaudx^'dx" + -^du^ + R^ds 



g~ , B2 = a' (32 , C2 = a'72, 

)' ~TrT'^^° ^ dx^ dx^ A dx"^ + 74 
g R 



(69) 



Cg = {a')^ a2 A dx'^ A dx^ A dx^ A rfx' 



where ds^ is the metric on a deformed five-sphere and fl^ is a 'warp-factor' 
depending on one of the sphere coordinates: 
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3[\ 3 -cos (2a)'' ' ' (3-cos(2a))2 

2 / , , 2 cos2 a 
'q d(l)+- 77-^ 

3 \ 3 — cos [2a) 



2 / , , 2cos^a; , , 

+ K'/'+T^ ' (70) 



= 2^^1 - icos(2a) . (71) 

Here < a < | and a*, i = 1,2,3 are the SU{2) invariant forms satisfying 
da^ = a"^ A a^. The constant^ are 

R = 2-hRo , = AnQsN , k = 233"^ , (72) 

where Rq is the radius of the round five-sphere in the A/" = 8 vacuum. Note 
that all quantities have been given in units of a' such that they are fixed in 
the near-horizon region. Let us therefore define 

f/=-, c. = ^. (73) 
The zero-force condition ( |66D implies 

V = ^^{Q'-k)=0 ^a = 0. (74) 

From ([70| ) it follows that the vanishing locus is a codimension 2 manifold in 

the transverse space, with frame du, o"^'^ and d(j) + a^. 



6.2 Deforming the PW solution 

We now carry out the transformation procedure described in Section ^ to 
determine the magnetically deformed near-horizon geometry 

^•^There is a typographical error in the expression for the five-form normahzation con- 
stant m given in 0; the correct value is m = 2~3~^Rq^ which corresponds to the value 
of k given below. 
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ds 



'n2 



u 

i?2 



+^du^ + R^dsl 



20' _ 9 



B' 



a 



eu 



■dx"^ A dx^ + (32 



Oujdx^ A dx^ + 72 (75) 



l\2 



[a') 



C'2 = a\ 

%dx^ A dx^ A dx^ A dx^ + 74 + ^7—72 A dx^ A dx^ 
h h 



-9ao A dx^ A dx^ 



where the deformation parameter 9 has dimension (length)^ and we have 
defined 



h = l + 9'U 



2rr4 



(76) 



The solution (^) on the vanishing locus (|7^, is interpreted as the super- 
gravity dual of an A/" = 1 noncommutative Yang- Mills theory. 
As discussed in Section H, we can now obtain the supergravity dual of an 
Af = I electrically deformed theory by S-duahzing the solution (^). The 
S-duality rules are given by: 



7;2 



ds 



B2 



e-'^'ds" , 







"0 

C2 1 



C'2 + e2<^' 



-B' 



2 - -^2 y 
C4 + B2 A C2 ■ 



(77) 



We find the following electric near-horizon geometry: 



ds 



7.2 



a 



~2 / {dxy + {dx'f ^ ^^^2^2 ^ ^^-3)2^ ^ ^S-\df^ + f^dsl) 
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~9' 



B2 
C2 



a 



a 



k E'^ 

—ujdx^ A dx^ - P2 
k 



[a 



'\2 



'^dx° A dx^ A dx"^ A dx^ + 74 + A 72 
h 



k £^ ^ ^ 

—T^dx^ A dx^ A (a2 + 02) 



where we have performed the reparametrization 



x^ = 6 2x^, r = k^^O^^u , 



and defined 



(78) 



(79) 



9 = 9~ 



R = g-^R 



(80) 



l^R^ 



(81) 



This is interpreted as providing the Af = 1 supergravity dual on the vanishing 
locus (|74|) , from which one might extract a noncommutative open string 
theory with A/" = 1 supersymmetry. To investigate this and illustrate the 
importance of the zero-force condition, we proceed by computing open string 
quantities for a probe brane in this background. This yields the following 
open string metric (a, /5 = 0, 1 and a, 6 = 2, 3): 



G 



a' 



£4 J^2 \ 



(82) 



open string coupling: 



Go — 9\^ 

and the spatio-temporal noncommutativity parameter 



r4 1.2 



(83) 
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Note that (|8^ and ( plf ) are dimensionless in the dimensionless coordi- 
nates. To have a noncommutative open string theory one requires that these 
quantities are finite in the hmit h —>■ 0. This can only occur when 

Q^ = k , (85) 



i.e., when the zero-force condition ( [74D is satisfied. When this equation is 
obeyed, the open string data becomes: 

% = ^~V, Go = ~g, e-^ = e<^^ (86) 
a' 

which is exactly what we should expect recalling the discussion in Subsection 
3.2. Note that, if one starts from a full brane solution, as in e.g. |4^, we expect 



to find (BBf) in all directions, not only on the locus. The reason we get (P^) to 



8^ ) is that we here perform the S-duality transformation also off the locus 



where it is actually not valid, see Section 5 and Appendix B. 



7 Discussion 

In this paper we have described how the limits on a D-brane required for 
a noncommutative theory naturally arise when considering a probe brane 
in an appropriate background supergravity solution. We describe how to 
construct such solutions and in particular we use this construction to find 
deformed Af = 1 supersymmetric solutions. It should be stressed that the 
decoupling of the probe brane from the bulk only occurs when it is in the 
near horizon region, with the NC theories appearing in the UV limit of this 
region. Nevertheless, one may in the near horizon region investigate the D- 
brane in terms of the open strings ending on it, and the corresponding open 
string data, at any radial location. The noncommutative deformation is shown 
to be independent of the probe brane radial distance. When one considers 
electrically deformed solutions one sees that the noncommutative open string 
limit only occurs on D-branes that are embedded in such a way that they 
have vanishing potential energy and so obey the zero force condition. This is 
shown also for the (conformal) M = 1 supersymmetric theory. In field theory, 
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the interpretation would be that the ultraviolet completion of the theory to 
a noncommutative open string theory only holds for a submanifold in moduli 
space where the potential energy vanishes. It should also be noted that the 
primary example we have investigated, the Pilch- Warner solution, is the dual 
of a very specific A/" = 1 theory that can be viewed as a relevant deformation 
from the A/" = 4 theory. It would be interesting to look at other examples of 
Af = 1 theories and the results of their deformations. 

In the context of A/" = 1 theories, for which the full brane solution is not 
known, only the magnetically deformed theory can be obtained by means 
of the T-duality transformation applied to the near horizon solution. Hence 
one has to rely on other methods to find the electrically deformed solution 
and in this paper this is done by applying an S-duality transformation to the 
magnetic solution. However, as explained in Section 5 this works only on the 
vanishing locus of the field theory potential, and it therefore also follows that 
the NCYM and NCOS theories are S-dual in the UV limit only on the locus 
of vanishing potential 0. 

Throughout this paper we have always implicitly been in the large N limit. 
An interesting further area of study would be to extend the above analysis 
to include corrections and see the role they have in the existence of the 
open string limit and in the independence of the deformation on the radial 
direction. The construction of the deformed solution corresponding to 
corrections would proceed as above beginning from an undeformed solution 
to supergravity with a' corrections. 

Another aspect not explored in this paper is the possibility of an SL(2,Z)- 
covariant analysis. For example, if one considers describing the D3-brane with 
open D-strings then one sees how the noncommutative 'magnetic' theory has 
a description in terms of noncommutative open D-string theory at strong cou- 
pling. An SL(2,Z)-invariant description would require describing the brane 
fluctuations with an SL(2,Z)-inert object such as an open D3 brane. This is 
work in progress. 



^''Note that although the zero-force condition is not satisfied off the locus, the open 
string quantities defined in Section 2 nevertheless seem to behave the same way in all 
directions as follows fi'om e.g. ]40|]. 



27 



8 Acknowledgements 



D.S.B. was supported during the initial stages of this work by Stichting voor 
Fundamenteel Onderzoek der Materies (FOM), while visiting the university 
of Groningen and is also grateful to Chalmers and Goteborg University for 
support and hospitality during several visits. D.S.B. would like to acknowl- 
edge discussions with Jan de Boer, Amit Giveon, Trocls Harmark, Chris Hull, 
Niels Obers and Maulik Parikh. B. E.W.N, and M.C. are grateful for discus- 
sions with Gabriele Ferretti. P.S. was supported by FOM. This work is partly 
supported by EU contract HPRN-CT-2000-00122 and by the Swedish and 
Danish Natural Science Research Councils. 



A The noncommutative Scalar Fields 

In order to derive the field redefinition in the scalar sector on a noncommu- 
tative Dp-brane we start from a 9-brane in a constant background described 
by the Born-Infeld lagrangian 



So 



det 



dMN , Bmn , 
— : — I : r rMN 



a' 



a' 



(87) 



where M^^ is a ten-dimensional space-time with metric Qmni dilaton 0, two- 
form potential Bmn and field strength Fmn = Qm^n — d^AM- The (p+ 1)- 
dimensional Born-lnfeld lagrangian on M*'+^ x R^~^ with non-vanishing two- 
form fluxes only on M^+^ is obtained by double dimensional reduction on 
= M^+^ X T^-P followed by decompactifying the resulting T-dual torus 
keeping the effective Dp-brane tension /ip fixed. Thus, if we denote the indices 
on M^+^ hy fjL — 0, ... ,p and the indices on T^-p by i = p -|- 1, . . . , 9, and 
take 



9fJ,i 



, B 



fa 



Bij 







(88) 



then we can identify the metrics and the two-form potentials on the M^"*"^, 



Qfiv = Qfiv , Bfj^^ = B^^ , (89) 

and relate the metric gij and the scalar coordinates (with the dimension 
of energy) on the T-dual torus to the ten-dimensional cometric and internal 
vector field components on T^-p as follows: 
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As a result 



(90) 



Jmp+^ V la' a' a' 



(91) 

where we have identified the T-dual dilaton and the Dp-brane tension as 
follows: 



fipe-^ = fi,Vok^p{g)e-^ , Voh.p{g) = f d^-PxJdet^. (92) 



We next recall [g^ that if one takes the 5-fiuxes to be non-zero in the spatial 
directions m = p — l,p (so we assume p > 1) and considers the following 
decoupling limit on the original 9-brane: 



n- 9mn f e 2 for M,N ^p-l,p Bmn o <J -i 

itmg : — - ~ < 1 , , — , e'^ ~ e , 

a [ ea else a 

(93) 

then (^) reduces (up to total derivatives and higher derivative terms) to the 
noncommutative Maxwell action in ten dimensions: 



^9^^ ^9 = -7/ rfi^;^J-det^(aO^G^^^G^«FMpF^Q, (94) 
4 Ja4w V a' 

where G and Go are the ten-dimensional open string metric and coupling, 
and the noncommutative ten-dimensional field strength is 

Fmn = OmAn - On Am + Am -k An - An -k Am ■ (95) 

Here the noncommutative vector potential Am is related to Am by the non- 
local field redefinition: 

Am = Am- i^^^A^(29pAM - dMAp) + 0{e^) , (96) 
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where is the ten-dimensional Poisson structure. From Eqs. (P5|)-(P(]|) and 
(p^ ) it follows that the ten-dimensional open string data are related to the 
T-dual [p + l)-dimensional open string data as follows: 



Gmn — G^u ® (jij , 
Go = Vol9-p(G)Go = Vok^p{g)Go 



(97) 
(98) 
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MN 



Qmn fi^u = m,n 
else 



(99) 



Moreover, from (pQ]), (pO|) and (p2| ) it follows that ( p3D is equivalent to the 
following {p + l)-dimensional decoupling limit: 



p ■ 



gij/a' ~ 



e 2 



for yU, = 0, . . . ,p — 2 

62 for fl,!/ = p — l,p 



(100) 



£2 



^0 



i(5-p) 



which we identify as the NCYM limit ([l0|) on a Dp-brane with i?-flux of rank 
two such that (again up to total derivatives and higher derivative terms) 



S. 



(101) 

where Sp defines the noncommutative Yang-Mills theory on the Dp-brane. 
We have thus established the 'commutative' diagram: 



iimg 



Sq 



iirrir. 



(102) 
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Hence, we may obtain explicitly the form of Sp and the field redefinition of 
the noncommutative scalar fields on the Dp-brane, by double dimensional 
reduction of using that is 



(103) 



¥ = - e^'^'A^dn^' + o{e'^) , (104) 



and G^i, and gyu defined as in ( |5B| ) and ( |5BD and gij as in ([25|). To be 
precise, we have the following scaling behaviour: 

%~6-^rV, ^-ek%,, Go~e-^, (105) 
a' a' 

where £ is a fixed length scale such that gyu ~ 

The condition of constant background is not crucial. The important input is 
the nature of the limit (|100|) , and the fact that the 6 parameter is constant. 
Let us start from a Dp-brane supergravity dual with UV limit ( |100| ), and 
expand the Born-Infeld lagrangian in this limit. From the results in Section 
^ we find 



S, = -/rf^+^ee-y-det(^ + ^ + 5,. + F,. + /?,.) 



- / rf^+'^^^-det^ (^v'det(l + ^(F + /3)) + (aO'G^'^G^-F^.F,, 

+ {a'fG''''b^^'b,^^g,, + ---) , (106) 



where 



S^, = a'd^^'d.^'g^, , (3^, = a'd^^'d,^'B,j . (107) 
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In expanding the determinant we have used the fact that 6 and F are fixed 
in the UV while S, (3 and a'G~^ are subleading. The leading order, which is 
divergent, consists of traces of the form ii{{d{F + 13))^), where we keep 13. 
These terms give the divergent ^det(l + 6[F + /3))-term in ( |106| ). In the first 
subleading order we find vanishing traces of the form ti{0S{6{F + /?))") and 
iY{a'G~^[F -\- I3)(6{F + (3)Y), where n is an integer and all possible orderings 
occur. The next order, which is finite, consists of traces of the form 



ti{G-^F^{eFY) , ti{G~^S{eFY) and ii{S^e^{eFY) , (108) 

multiplied by traces ii{9F)"\ where m,n are integers. Here we can drop 
/3, since the scaling of the structures in ( [108| ) is precisely cancelled by the 
determinant prefactor in (|106|) , so that the {3 contributions vanish in the 



UV. These terms give the finite kinetic terms in (|106|) , modulo derivatives 
of G^^, Qij and with respect to internal coordinates The reason is that 
in forming the kinetic terms one needs to rewrite the structures in ( |108| ) by 
moving derivatives from F to the scalar fields by integrating by parts. Note, 
however, that in doing so, one need not bother about differentiating with 
respect to u, since that lowers the degree of divergence (recall that d^u is 
fixed). Hence, in the case of maximally symmetric extremal branes discussed 
in Section [4.1| , this implies that the UV limit gives the same result ( |103| ) as 



for a fiat background. In cases with less symmetry, as for instance the T*^^'^^ 
and the Pilch- Warner solutions a more careful analysis is required to obtain 
the full kinetic term for the noncommutative scalars. 



B Conditions for S-duality 

We are interested in finding some conditions for which the S-dual of a mag- 
netically deformed solution is equal to the electric deformation of the S-dual 
of the original solution modulo a brane isomorphism. By a brane isomor- 
phism we mean a diffeomorphism that preserves the structure of the brane 
solution. This may be written as follows: 

5(A^(D3)) = v^*(Ae(5(D3))) , (109) 

where D3 denotes a (not necessarily self-dual) 3-brane configuration as in (|13D 
(note that 76 = for a D3-brane), Ani,e are magnetic and electric 0{p+l, p+l) 
transformations and <y9 is a brane isomorphism, which by definition acts as a 
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diffeomorphism on the transverse space and a linear transformation on the 
brane world volume as follows: 



i^^dx^" = M^'^dx" . (110) 
In order to simplify the analysis we assume that the axion vanishes: 

Co = 0, 78 = (111) 

For clarity, we also include the NS six-form potential, which for a D3-brane 
must have the form: 

BQ = dx^ ^dx^ ^52 . (112) 



Using the 0(p + l,p + l) transformation rules (|22|) and (p^ ) and the S-duality 



transformation rules (77) we find from ( 109 ) that ip has to be a symmetry of 



the transverse potentials: 

(^*(/?2)=/?2, ^*{l)=l. (113) 

By examining the conditions on the brane part of the metric and the dilaton 
in the asymptotically fiat region we then determine 

M'^^ = , cos^ V = 2 , (114) 

H " 



e = ±cosiyeg, (115) 

where 6 is the magnetic parameter, 6 the electric parameter and g the asymp- 
totic value of the dilaton in the undeformed D3-brane configuration. The 
conditions on the metric in the electric and magnetic brane directions and 
the dilaton equation then reads: 

e-^hh^ = e-'f'^ cos u , e-'^h-h^ = e-*S^ cos u , (116) 
h 

hh = e^^-^-^) , (117) 

where 

S = ip*£, ^ = ^*(j) , (118) 
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These equations are equivalent to 



hh = l , (j) = (j) , (120) 

P4 ^ I (121) 

l + COs2z/(^-4-l) • ^'^'^ 

We now turn to the remaining conditions on the potentials. From the electric 
and magnetic directions of the two-form potentials and the brane part of the 
four-form potential we get the conditions 

— Quo = 9 — - — cos V , 9— = —9uo cos v , (122) 
h h 

CO = — COS u , (123) 
h 



where u = ip*u. Using ( [12CI| ) and ( |121|) these equations are equivalent to (|66D. 



In the six-form sector we find the condition 

- 9uja2 = 9^*82 , (124) 

which is identically satisfied when the lower rank form equations are obeyed. 
Finally, the metric equation in the transverse directions amounts to 

^*i*{8^dsl) = ^^i\8^dsl)) , (125) 
The condition ( |125| ) can be solved by taking 

i*dsG = {e£)-'^dsl_^^ , dsl-n = dr'^ + r'^dsl-n , (126) 

where n is the codimension of the vanishing locus; r is a radial coordinate 
acted on by the brane isomorphism by the scale transformation 

i^*r = ^ ^ r ; (127) 

a/cos U 

and dsl_^ is an invariant metric on the remaining 5 — n dimensions in the 
locus. Then ( |121D implies that the vierbein 8 is 'harmonic' on the locus: 
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eS' = {l+'^)-'^ . (128) 
In the magnetic near-horizon hmit ( p7\ ) we can thus identify 

u = ~ — ^ . (129) 



'a' \/ka' 



From (|114|) , which is equivalent to 



ip*dxf' = ycos^ dxf" , (130) 



and ( |1 15|) and (|127|) it follows that the S-dual of the magnetic near-horizon 



limit is the electric near-horizon limit (|3^) 



References 



[1] J. Maldacena, "The large limit of super confer mal field theories and super- 
gravity", Adv. Theor. Math. Phys. 2 (1998) 231 |hep-th/9711200| ]. 

[2] O. Aharony, S.S. Gubser, J. Maldacena, H. Ooguri and Y. Oz, "Large A'^ 
field theories, string theory and gravity", Phys. Rept. 323 (2000) 183 | |hep- 



th/9905111|] . 



[3] A. Hashimoto and N. Itzhaki, "Non-commutative Yang-Mills and the 



AdS/CFT correspondence", Phys. Lett. 465B (1999) 142 [|hep-th/9907166| ; 



J. Maldacena and J. G. Russo, "Large A^ limit of noncommutative gauge 



theories", |liep-th/9908134 



[4] T. Harmark and N.A. Obers, "Phase structure of noncommutative field 



theories and spinning brane bound states", JHEP 0003 (2000) 024 [ hep- 
th/9911169|]. 



[5] E. T. Akhmedov, "A remark on the AdS/CFT correspondence and the renor- 



malization group flow", Phys. Lett. B442 (1998) 152 |hep-th/9806217l1 ; 

E. Alvarez and C. Gomez, "Geometric holography, the renormalization group 

and the c-theorem", Nucl. Phys. B541 (1999) 441 ||hep-th/980722^ ; 



V. Balasubramanian and P. Kraus, "Spacetime and the holographic renor- 
malization group", Phys. Rev. Lett. 83 (1999) 3605 piep-th/9903T90| ]; 
L. Girardello, M. Petrini, M. Porrati and A. Zaffaroni, "Novel local CFT and 
exact results on perturbations of A^ = 4 super Yang-Mills from AdS dynam- 



ics", JHEP 9812 (1998) 022 [lhep-th/9810126|| 



35 



L. Girardello, M. Petrini, M. Porrati and A. Zaffaroni, "The supergravity 
dual of iV = 1 super Yang-Mills theory", Nucl. Phys. B569 (2000) 451 [fiep 
th/99090471]; 



[6] 
[7] 
[8] 
[9] 
[10] 

[11] 

[12] 
[13] 
[14] 
[15] 

[16] 
[17] 



V.L. Campos, G. Ferretti, H. Larsson, D. MartelU and B.E.W. Nilsson, "A 
study of holographic renormalization group flows in d=6 and d=3", JHEP 
0006 (2000) 023 |hep-th/0003151| . 

K. Pilch and N.P. Warner, "N=l Supersymmetric renormalization group flows 
from IIB supergravity" , hep-th /0006066| . 

K. Pilch and N.P. Warner, "A new supersymmetric compactification of chiral 
IIB supergravity", Phys. Lett. B487 (2000) 22 [|hep-th/0002T9^ . 

K. Pilch and N.P. Warner, "N=2 supersymmetric RG flows and the IIB dila- 
ton" , |hep-th/0004063|. 



C.V. Johnson, K.J. Lovis and D.C. Page, "Probing Some N=l AdS/CFT RG 
flows" , |hep-th/001116^ . 

R. Gopakumar, J. Maldacena, S. Minwalla and A. Strominger, "S-duality and 
noncommutative gauge theory", JHEP 0006 (2000) 036 [|hep-th/000504^ . 

N. Seiberg, L. Susskind and N. Toumbas, "Strings in background electric field, 
space/time noncommutativity and a new noncritical string theory", JHEP 
0006 (2000) 021 |hep-th/0005040| . 

R. Gopakumar, S. Minwalla, N. Seiberg and A. Strominger, "OM theory in 
diverse dimensions", JHEP 0008 (2000) 008 ihep-th/0006062 |. 

O. Aharony, J. Gomis and T. Mehen, "On theories with light-like noncom- 
mutativity", JHEP 0009 (2000) 023 [|hep-th/0006"23^ . 

T. Harmark, "Open branes in space-time non-commutative little string the- 
ory" , |hep-th/0007T4^ . 

E. Bergshoeff, D.S. Berman, J. P. van der Schaar and P. Sundell, "Critical 
fields on the M5-brane and noncommutative open strings", Phys. Lett. B492 
(2000) 193 [|hep-th/0006112i . 

T. Kawano and S. Terashima, "S-duality from OM-theory", hep-th /0006225 . 
E. Bergshoeff, D.S. Berman, J. P. van der Schaar and P. Sundell, "A non- 



commutative M-theory five-brane", Nucl. Phys. B590 (2000) 173 [hep- 



th/0005026(l . 



36 



S. Kawamoto and N. Sasakura, "Open membranes in a constant C-field back- 



ground and noncommutative boundary strings", JHEP 0007 (2000) 014 [ hep- 
th/0005123|] . 



J.M. Izquierdo, N.D. Lambert, G. Papadopoulos and P.K. Townsend, "Dyonic 
membranes", Nucl. Phys. B460 (1996) 560 [|hep-th/9508T77|. 



J.G. Russo and A. A. Tseytlin, "Waves, boosted branes and BPS states in 



M-theory", Nucl. Phys. B490 (1997) 121 [|hep-th/9611047 |. 



M. Cederwall, U. Gran, M. Holm and B.E.W. Nilsson, "Finite tensor defor- 
mations of supergravity solitons", JHEP 9902 (1999) 003 ||hep-th/9812T4l ; 
M. Cederwall, U. Gran, M. Nielsen, and B. E. W. Nilsson, "(p, g) 5-branes in 



non-zero B-field", JHEP 0001 (2000) 037 ||hep-th/9912106 | 



D.S. Herman and P. Sundell, "Flowing to a noncommutative (OM) five brane 
via its supergravity dual", JHEP 0010 (2000) 014 |hep-th/0007052|1 . 



E. Bergshoeff, R. Cai, N. Ohta and P. K. Townsend, "M-brane interpolations 



and (2,0) renormalization group flow", hep-th/0009147 . 

T. Harmark, "Supergravity and space-time noncommutative open string the- 



ory", JHEP 0007 (2000) 043 |hep-th/0006023|1 . 

O. Alishahiha, Y. Oz and M.M. Sheikh-Jabbari, "Supergravity and large A'^ 



noncommutative field theories", JHEP 9911 (1999) 007 |hep-th/9909215|1 . 
J.G. Russo and M.M. Sheikh-Jabbari, "On noncommutative open string the- 



ories", JHEP 0007 (2000) 052 [|hep-th/0006202 |. 

J.G. Russo and M.M. Sheikh-Jabbari, "Strong coupling effects in noncommu- 



tative spaces from OM theory and supergravity" , |hep-th/0009141 



K. Intriligator, "Maximally supersymmetric RG flows and AdS duality" , Nucl. 
Phys. B580 (2000) 99 |hep-th/9909082| version>2]. 



P. Sundell, "Spin(p+l,p+l) covariant D-brane bound states", 
th/0011284 



hep- 



N. Seiberg and E. Witten, "String theory and noncommutative geometry", 
JHEP 9909 (1999) 032 [|hep-th/9908T42|. 



M. Li and Y. Wu, "Holography and noncommutative Yang-Mills" , Phys. Rev. 
Lett. 84 (2000) 2084 [|hep-th/9909085[| . 



37 



[32] G. Chen and Y. Wu, "Comments on noncommutative open string theory: 



V-duahty and holography" , |hep-th/0006013 



[33] M. Ahshahiha, H. Ita and Y. Oz, "Graviton scattering on D6 branes with B 
fields", JHEP 0006 (2000) 002 |hep-th/0004011[l . 

[34] J.C. Breckenridge, G. Michaud and R.C. Myers, "More D-brane bound 
states", Phys. Rev. D55 (1997) 6438 [|hep-th/9611174 |. 

[35] T. Buscher, "Path integral derivation of quantum duality in nonlinear sigma 
models", Phys. Lett. 201B (1988) 466; 

T. Buscher, "A symmetry of the string background field equations", Phys 
Lett. 194B (1987) 59; 

T. Buscher, "Quantum corrections and extended supersymmetry in new sigma 
models", Phys. Lett. 159B (1985) 127; 

A. Giveon, M. Porrati and E. Rabinovici, "Target space duality in string 
theory", Phys. Rept. 244 (1994) 77 [|hep-th/940lT39[l . 

[36] E. Bergshoeff, C. Hull and T. Ortin, "Duality in the type-II superstring ef- 
fective action", Nucl. Phys. B451 (1995) 547 ||hep-th/950408lll . 

[37] M. Fukuma, T. Oota and H. Tanaka, "Comments on T-dualities of Ramond- 
Ramond potentials on tori" , hep-th/9907132| . 

[38] S.F. Hassan, "T-duality, Space-time Spinors and R-R fields in Curved Back- 
grounds", Nucl. Phys. 568 (2000) 145 [|hep-th/9907152i ; 
S.F. Hassan, "SO(d,d) Transformations of Ramond-Ramond Fields and 
Space-time Spinors", Nucl. Phys. 583 (2000) 431 [|hep-th/9912236 l. 

[39] U.H. Danielsson, A. Giiijosa and M. Kruczenski, "HA/B, Wound and 
Wrapped", JHEP 0010 (2000) 020 [lhep-th/0009182| . 

[40] M. Cvetic, H. Lu, C.N. Pope, J.F. Vazquez-Poritz, "AdS in Warped Space- 



times" , |hep-th/0005246 



[41] M.J. Duff, H. Lu, C.N. Pope and E. Sezgin, "Supermembranes with fewer 
supersymmetries" , Phys. Lett. B371 (1996) 206 ihep-th/9511162 |. 

[42] LR. Klebanov and E. Witten, "Superconformal field theory on three-branes at 
a Calabi-Yau singularity", Nucl. Phys. B536 (1998) 199 ihep-th/9807080|l ; 
A. Ceresole, G. Dall'Agata and R. D'Auria, "KK spectroscopy of type HB 
supergravity on AdS^, x T"", JHEP 11 (1999) 009 [lhep-th/9907216| . 



38 



[43] J.X. Lu, S. Roy and H. Singh, "SL(2,Z) duality and 4-dimensional noncom- 
mutative theories", hep-th /0007168t 

J. X. Lu, S. Roy and H. Singh, "((F,D1),D3) bound state, S-duahty and 
noncommutative open string / Yang-Mihs theory", JHEP 0009 (2000) 020 
[|hep-th/0006193|| ; 

R. Cai and N. Ohta, "(Fl, Dl, D3) bound state, its scahng hmits and SL(2,Z) 
duahty" , |hep-th/000710^ . 

[44] J.L. Barbon and E. Rabinovici, "Stringy fuzziness as the custodian of time- 
space noncommutativity", Phys. Lett. B486 (2000) 202 ihep-th/0005073|] . 

[45] A. Buchel, A.W. Peet and J. Polchinski, "Gauge dual and noncommutative 



extension of an = 2 supergravity solution" , hep-th/0008076 



39 



